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DIGITAL SCALE 
EXAMPLE
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• 8 coins, one is fake

• Find the fake with a digital balance

00.0 gr= 10gr
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A B C D E F G H

3 33 3 3 33? 8

• 8 coins, one is fake

A C E G C GB F GE FD

None of the coins in experiment 1 is fake.

? ? ?

All coins not used in experiment 2 are authentic.

All coins not used in experiment 3 are authentic.

= 8.3gr

F

40.0 gr 38.3 gr 38.3 gr

DIGITAL SCALE 
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• Mathematical Formulation
A B C D E F G H

0
1
0

1
1
0

0
0
1

1
0
1

0
1
1

1
1
1

�

�
40

38.3
38.3

�

� =

�

�
1
0
0

0
0
0

�

�

�

�����������

wA

wB

wC

wD

wE

wF

wG

wH

�

������������ �� �
�3�8

�

�

�
0

�1.7
�1.7

�

� = �3�8

�

�����������

wA � 10
wB � 10
wC � 10
wD � 10
wE � 10
wF � 10
wG � 10
wH � 10
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� �� �
x8�1

� �� �
y3�1

� y3�1 = �3�8 · x8�1

� Underdetermined LSoE!

� x8�1 = 1-sparse !



CS PROBLEM
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=

ym�1 �m�n

xn�1

+

wm�1

m < n � infinitely many solutions

• More general settings

m � n

����
measurements

� �� �
sensing matrix

����
noise

� xn�1 =?

�
�

�

ym�1 = �m�n · xn�1

xn�1 = k-sparse

+wm�1

CS PROBLEM
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• Similar problems

        DOA estimation

         MRI scanning

    Channel estimation

             Group testing



<latexit sha1_base64="zzH0ravXsWZp7Yd8yQV7m7h2tvE="></latexit>

directional gain
<latexit sha1_base64="pE62eswGgCiyIn9HMaUn/BEgndM="></latexit>

associated with �1

<latexit sha1_base64="U89NxWYnsJWiotUfUqJv5bFJmBg="></latexit>

received signal
<latexit sha1_base64="qnl5phPz4HtC4l7vcxAkvaKISoI="></latexit>

at antenna 1

RADAR EXAMPLE
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<latexit sha1_base64="uv6nwoVfN6krvJ/zRpQ2YfP6zKk=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BLx4TMA9IljA76U2GzM4uM7NiCMEP8Kqf4E28+i1+gb/hJNmDSSxoKKq66e4KEsG1cd1vJ7exubW9k98t7O0fHB4Vj0+aOk4VwwaLRazaAdUouMSG4UZgO1FIo0BgKxjdzfzWIyrNY/lgxgn6ER1IHnJGjZXqXq9YcsvuHGSdeBkpQYZar/jT7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5oVNyYZU+CWNlSxoyV/9OTGik9TgKbGdEzVCvejPxP6+TmvDWn3CZpAYlWywKU0FMTGZfkz5XyIwYW0KZ4vZWwoZUUWZsNktbBoomQ86epjYZbzWHddK8KnvXZbdeKVUrWUZ5OINzuAQPbqAK91CDBjBAeIFXeHOenXfnw/lctOacbOYUluB8/QJ4LZXt</latexit>

1
<latexit sha1_base64="jbY3/AnlDcczEKll3PcggD1Q24I=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoB4DXjwmYB6QLGF20psMmZ1dZmbFEIIf4FU/wZt49Vv8An/DSbIHTSxoKKq66e4KEsG1cd0vJ7exubW9k98t7O0fHB4Vj09aOk4VwyaLRaw6AdUouMSm4UZgJ1FIo0BgOxjfzv32AyrNY3lvJgn6ER1KHnJGjZUalX6x5JbdBcg68TJSggz1fvG7N4hZGqE0TFCtu56bGH9KleFM4KzQSzUmlI3pELuWShqh9qeLQ2fkwioDEsbKljRkof6emNJI60kU2M6ImpFe9ebif143NeGNP+UySQ1KtlwUpoKYmMy/JgOukBkxsYQyxe2thI2ooszYbP5sGSqajDh7nNlkvNUc1kmrUvauym6jWqpVs4zycAbncAkeXEMN7qAOTWCA8Awv8Oo8OW/Ou/OxbM052cwp/IHz+QN5xpXu</latexit>

2

<latexit sha1_base64="hpeyKMc0GSD7F8Z/NFUFdqHpBK0=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BLx4TMA9IljA76U2GzOwuM7NiCMEP8Kqf4E28+i1+gb/hJNmDSSxoKKq66e4KEsG1cd1vJ7exubW9k98t7O0fHB4Vj0+aOk4VwwaLRazaAdUoeIQNw43AdqKQykBgKxjdzfzWIyrN4+jBjBP0JR1EPOSMGivVZa9YcsvuHGSdeBkpQYZar/jT7ccslRgZJqjWHc9NjD+hynAmcFrophoTykZ0gB1LIypR+5P5oVNyYZU+CWNlKzJkrv6dmFCp9VgGtlNSM9Sr3kz8z+ukJrz1JzxKUoMRWywKU0FMTGZfkz5XyIwYW0KZ4vZWwoZUUWZsNktbBoomQ86epjYZbzWHddK8KnvXZbdeKVUrWUZ5OINzuAQPbqAK91CDBjBAeIFXeHOenXfnw/lctOacbOYUluB8/QLYCZYp</latexit>m

<latexit sha1_base64="eUWpazCY95J01YtKexgURXwjZu8=">AAACBHicdVDJSgNBEK2JW4xb1KOXxiB4CjOiMd4CXjxGMAskIfR0ejJNeha6a8QQcvUDvLl8gjfx6n/4Bf6GPUkE4/Kg4PFeFVX13FgKjbb9bmUWFpeWV7KrubX1jc2t/PZOXUeJYrzGIhmppks1lyLkNRQoeTNWnAau5A13cJ76jWuutIjCKxzGvBPQfig8wSgaqdlGnyPtOt18wS6e2M5ZySG/iVO0JyjADNVu/qPdi1gS8BCZpFq3HDvGzogqFEzyca6daB5TNqB93jI0pAHXndHk3jE5MEqPeJEyFSKZqN8nRjTQehi4pjOg6OufXir+5bUS9MqdkQjjBHnIpou8RBKMSPo86QnFGcqhIZQpYW4lzKeKMjQRzW3pKxr7gt2MTTJf75P/Sf2o6JSK9uVxoVK+T/EAWdiDfTgEB06hAhdQhRowkHAHj/Bk3VrP1ov1Oo0zY81y3YU5WG+fdL+c4Q==</latexit>

�1
<latexit sha1_base64="CUoFuGfZJCTX6UDpPINmAhgjXhc=">AAACBHicdVDJSgNBEK1xjXGLevTSGARPYSZojLeAF48RzAJJCD2dnqRJz0J3jRiGXP0Aby6f4E28+h9+gb9hTxLBuDwoeLxXRVU9N5JCo22/WwuLS8srq5m17PrG5tZ2bme3rsNYMV5joQxV06WaSxHwGgqUvBkpTn1X8oY7PE/9xjVXWoTBFY4i3vFpPxCeYBSN1GzjgCPtFru5vF04sZ2zkkN+E6dgT5CHGard3Ee7F7LY5wEySbVuOXaEnYQqFEzycbYdax5RNqR93jI0oD7XnWRy75gcGqVHvFCZCpBM1O8TCfW1Hvmu6fQpDvRPLxX/8loxeuVOIoIoRh6w6SIvlgRDkj5PekJxhnJkCGVKmFsJG1BFGZqI5rb0FY0Ggt2MTTJf75P/Sb1YcEoF+/I4Xynfp3iADOzDARyBA6dQgQuoQg0YSLiDR3iybq1n68V6nca5YM1y3YM5WG+fdlic4g==</latexit>

�2

<latexit sha1_base64="rIzvw+YDwPOLX0UM3Qk1JbNQod4=">AAACBHicdVDJSgNBEK2JW4xb1KOXxiB4CjOiMd4CXjxGMAskIfR0OkmTnp6hu0YMIVc/wJvLJ3gTr/6HX+Bv2JNEMC4PCh7vVVFVz4+kMOi6705qYXFpeSW9mllb39jcym7vVE0Ya8YrLJShrvvUcCkUr6BAyeuR5jTwJa/5g/PEr11zbUSornAY8VZAe0p0BaNopXoT+xxpW7WzOTd/4npnBY/8Jl7enSAHM5Tb2Y9mJ2RxwBUySY1peG6ErRHVKJjk40wzNjyibEB7vGGpogE3rdHk3jE5sEqHdENtSyGZqN8nRjQwZhj4tjOg2Dc/vUT8y2vE2C22RkJFMXLFpou6sSQYkuR50hGaM5RDSyjTwt5KWJ9qytBGNLelp2nUF+xmbJP5ep/8T6pHea+Qdy+Pc6XifYIHSMMe7MMheHAKJbiAMlSAgYQ7eIQn59Z5dl6c12mcKWeW6y7MwXn7BNY0nR4=</latexit>

�n

<latexit sha1_base64="Lv5nLjFFQDFHJKuFxkuuORvoH6w=">AAACBHicdVDJSgNBEK1xjXGLevTSGARPw4xLjLeAF48RzAJJCD2dTtKkZ6G7RgxDrn6AN5dP8CZe/Q+/wN+wJ4lgXB4UPN6roqqeF0mh0XHerbn5hcWl5cxKdnVtfWMzt7Vd1WGsGK+wUIaq7lHNpQh4BQVKXo8Up74nec0bnKd+7ZorLcLgCocRb/m0F4iuYBSNVG9inyNtH7Vzecc+cdyzgkt+E9d2xsjDFOV27qPZCVns8wCZpFo3XCfCVkIVCib5KNuMNY8oG9AebxgaUJ/rVjK+d0T2jdIh3VCZCpCM1e8TCfW1Hvqe6fQp9vVPLxX/8hoxdoutRARRjDxgk0XdWBIMSfo86QjFGcqhIZQpYW4lrE8VZWgimtnSUzTqC3YzMsl8vU/+J9VD2y3YzuVxvlS8T/EAGdiFPTgAF06hBBdQhgowkHAHj/Bk3VrP1ov1OolzzprmugMzsN4+AXfxnOM=</latexit>

�3

<latexit sha1_base64="1h1k/91TrZeFrLU8mLlQmy3JqLo="></latexit>�

����

�1,1 �1,2 �1,3 . . . �1,n

�2,1 �2,2 �2,3 . . . �2,n
...
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...

. . .
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�m,1 �m,2 �m,3 . . . �m,n

�

����

<latexit sha1_base64="5dQb4y4HGX65HGVbkk300KEaRqU="></latexit>�

��������������
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• Unit ball

<latexit sha1_base64="YsxHHP5XB7+8KBKPYbM/MHf6ysA=">AAAB/3icbVDLSsNAFJ34rPEVFdy4GSyWbgxJ8LUpFNy4rGAf0MQymU7aoZNJmJkIJXbhr7hxoYhbf8Odf+P0sdDWAxcO59zLvfeEKaNSOc63sbS8srq2XtgwN7e2d3atvf2GTDKBSR0nLBGtEEnCKCd1RRUjrVQQFIeMNMPB9dhvPhAhacLv1DAlQYx6nEYUI6WljnWYwlIFevf5qTfyfROWYMWxvfOOVXRsZwK4SNwZKYIZah3ry+8mOIsJV5ghKduuk6ogR0JRzMjI9DNJUoQHqEfamnIUExnkk/tH8EQrXRglQhdXcKL+nshRLOUwDnVnjFRfzntj8T+vnanoKsgpTzNFOJ4uijIGVQLHYcAuFQQrNtQEYUH1rRD3kUBY6chMHYI7//IiaXi2e2E7t2fFankWRwEcgWNQBi64BFVwA2qgDjB4BM/gFbwZT8aL8W58TFuXjNnMAfgD4/MHsCqSlg==</latexit>

p = 2�2

= 0.25

<latexit sha1_base64="+io3m8iJaz+bCiJwdAv455ic4dc=">AAACAnicbVDLSsNAFJ3UV42vqCtxM1gs3RiS2qqbQsGNywr2AU0sk+mkHTp5MDMRSihu/BU3LhRx61e482+ctllo64ELh3Pu5d57vJhRIS3rW8utrK6tb+Q39a3tnd09Y/+gJaKEY9LEEYt4x0OCMBqSpqSSkU7MCQo8Rtre6Hrqtx8IFzQK7+Q4Jm6ABiH1KUZSST3jKIbFGizfp2e2WZ04jg6LsGaZ59VKzyhYpjUDXCZ2RgogQ6NnfDn9CCcBCSVmSIiubcXSTRGXFDMy0Z1EkBjhERqQrqIhCohw09kLE3iqlD70I64qlHCm/p5IUSDEOPBUZ4DkUCx6U/E/r5tI/8pNaRgnkoR4vshPGJQRnOYB+5QTLNlYEYQ5VbdCPEQcYalS01UI9uLLy6RVNu0L07qtFOqlLI48OAYnoARscAnq4AY0QBNg8AiewSt40560F+1d+5i35rRs5hD8gfb5AxP3k0s=</latexit>

p = 2�1.5

= 0.354

<latexit sha1_base64="iQzNK4lo6jFgF8m+4MOLE4rdu/A=">AAAB/nicbVDLSsNAFJ3UV42vqLhyM1gs3RiS4mtTKLhxWcE+oIllMp20QyeTMDMRSij4K25cKOLW73Dn3zhts9DWAxcO59zLvfcECaNSOc63UVhZXVvfKG6aW9s7u3vW/kFLxqnApIljFotOgCRhlJOmooqRTiIIigJG2sHoZuq3H4mQNOb3apwQP0IDTkOKkdJSzzpKYLkGqw/ZmTvxPBOWYc2xL3pWybGdGeAycXNSAjkaPevL68c4jQhXmCEpu66TKD9DQlHMyMT0UkkShEdoQLqachQR6Wez8yfwVCt9GMZCF1dwpv6eyFAk5TgKdGeE1FAuelPxP6+bqvDazyhPUkU4ni8KUwZVDKdZwD4VBCs21gRhQfWtEA+RQFjpxEwdgrv48jJpVW330nbuzkv1Sh5HERyDE1ABLrgCdXALGqAJMMjAM3gFb8aT8WK8Gx/z1oKRzxyCPzA+fwA4uZJZ</latexit>

p = 2�1

= 0.5

<latexit sha1_base64="p/PlFnvLoK+rSrgIn9t9lIECylw=">AAACAnicbVC7SgNBFJ2Nr7i+Vq3EZjAY0rjMBjU2gYCNZQTzgOwaZiezyZDZBzOzQliCjb9iY6GIrV9h5984eRSaeODC4Zx7ufceP+FMKoS+jdzK6tr6Rn7T3Nre2d2z9g+aMk4FoQ0S81i0fSwpZxFtKKY4bSeC4tDntOUPryd+64EKyeLoTo0S6oW4H7GAEay01LWOEliswvJ9dobsi7HrmrAIq8iuoErXKiAbTQGXiTMnBTBHvWt9ub2YpCGNFOFYyo6DEuVlWChGOB2bbippgskQ92lH0wiHVHrZ9IUxPNVKDwax0BUpOFV/T2Q4lHIU+rozxGogF72J+J/XSVVw5WUsSlJFIzJbFKQcqhhO8oA9JihRfKQJJoLpWyEZYIGJ0qmZOgRn8eVl0izbzqWNbs8LtdI8jjw4BiegBBxQATVwA+qgAQh4BM/gFbwZT8aL8W58zFpzxnzmEPyB8fkDFW+TTA==</latexit>

p = 2�0.5

= 0.707

<latexit sha1_base64="HL6iVqtaojje1jHdvqH9SUwiCHY=">AAAB+3icbVDLSsNAFL2prxpfsS7dDBZLVyUpom4KBTcuK9gHNLFMptN26OTBzEQsIb/ixoUibv0Rd/6N0zYLbT1w4XDOvdx7jx9zJpVtfxuFjc2t7Z3irrm3f3B4ZB2XOjJKBKFtEvFI9HwsKWchbSumOO3FguLA57TrT2/mfveRCsmi8F7NYuoFeByyESNYaWlglWJUaaD6Q2pnrmuiCmo4A6ts1+wF0DpxclKGHK2B9eUOI5IENFSEYyn7jh0rL8VCMcJpZrqJpDEmUzymfU1DHFDppYvbM3SulSEaRUJXqNBC/T2R4kDKWeDrzgCriVz15uJ/Xj9Ro2svZWGcKBqS5aJRwpGK0DwINGSCEsVnmmAimL4VkQkWmCgdl6lDcFZfXiedes25rNl3F+VmNY+jCKdwBlVw4AqacAstaAOBJ3iGV3gzMuPFeDc+lq0FI585gT8wPn8A4bORqw==</latexit>

p = 20

= 1

<latexit sha1_base64="OPuT0XfMAs2MLQMW59nnHlM/UPU=">AAACAXicbVDLSsNAFJ34rPEVdSO4GSyWrkJS6mNTKLhxWcE+oIllMp20QyeTMDMRSqgbf8WNC0Xc+hfu/BunbRbaeuDC4Zx7ufeeIGFUKsf5NlZW19Y3Ngtb5vbO7t6+dXDYknEqMGnimMWiEyBJGOWkqahipJMIgqKAkXYwup767QciJI35nRonxI/QgNOQYqS01LOOE1iqwcp95tjnE88zYQnWXLvqVntW0bGdGeAycXNSBDkaPevL68c4jQhXmCEpu66TKD9DQlHMyMT0UkkShEdoQLqachQR6WezDybwTCt9GMZCF1dwpv6eyFAk5TgKdGeE1FAuelPxP6+bqvDKzyhPUkU4ni8KUwZVDKdxwD4VBCs21gRhQfWtEA+RQFjp0Ewdgrv48jJpVWz3wnZuq8V6OY+jAE7AKSgDF1yCOrgBDdAEGDyCZ/AK3own48V4Nz7mrStGPnME/sD4/AGg/JMR</latexit>

p = 20.5

= 1.414

<latexit sha1_base64="k/G44j4Mq7oKhkM97VdPDsoy2RI=">AAAB+3icbVDLSsNAFL2prxpfsS7dDBZLVyUpom4KBTcuK9gHNLFMptN26OTBzEQsIb/ixoUibv0Rd/6N0zYLbT1w4XDOvdx7jx9zJpVtfxuFjc2t7Z3irrm3f3B4ZB2XOjJKBKFtEvFI9HwsKWchbSumOO3FguLA57TrT2/mfveRCsmi8F7NYuoFeByyESNYaWlglWJUaaD6Q+pkrmuiCmrUB1bZrtkLoHXi5KQMOVoD68sdRiQJaKgIx1L2HTtWXoqFYoTTzHQTSWNMpnhM+5qGOKDSSxe3Z+hcK0M0ioSuUKGF+nsixYGUs8DXnQFWE7nqzcX/vH6iRtdeysI4UTQky0WjhCMVoXkQaMgEJYrPNMFEMH0rIhMsMFE6LlOH4Ky+vE469ZpzWbPvLsrNah5HEU7hDKrgwBU04RZa0AYCT/AMr/BmZMaL8W58LFsLRj5zAn9gfP4A5MSRrQ==</latexit>

p = 21

= 2

<latexit sha1_base64="+QPH7W4vx0o95kYC15LgkNunfAc=">AAACAXicbVDLSsNAFJ34rPEVdSO4GSyWrkISfHRTKLhxWcE+oIllMp22QyeTMDMRSqgbf8WNC0Xc+hfu/BunbRbaeuDC4Zx7ufeeMGFUKsf5NlZW19Y3Ngtb5vbO7t6+dXDYlHEqMGngmMWiHSJJGOWkoahipJ0IgqKQkVY4up76rQciJI35nRonJIjQgNM+xUhpqWsdJ7BUhd595toXE983YQlWPbviVbpW0bGdGeAycXNSBDnqXevL78U4jQhXmCEpO66TqCBDQlHMyMT0U0kShEdoQDqachQRGWSzDybwTCs92I+FLq7gTP09kaFIynEU6s4IqaFc9Kbif14nVf1KkFGepIpwPF/UTxlUMZzGAXtUEKzYWBOEBdW3QjxEAmGlQzN1CO7iy8uk6dnupe3cnhdr5TyOAjgBp6AMXHAFauAG1EEDYPAInsEreDOejBfj3fiYt64Y+cwR+APj8wexxJMc</latexit>

p = 21.5

= 2.828

<latexit sha1_base64="Ih+fvp5RuOGy05BtNFFOJBYI1MQ=">AAAB+3icbVBNS8NAEJ3Urxq/Yj16WSyWnkpSinopFLx4rGBboYlls922Szcf7G7EEvJXvHhQxKt/xJv/xm2bg7Y+GHi8N8PMPD/mTCrb/jYKG5tb2zvFXXNv/+DwyDoudWWUCEI7JOKRuPexpJyFtKOY4vQ+FhQHPqc9f3o993uPVEgWhXdqFlMvwOOQjRjBSksDqxSjShPVH9J65romqqBmY2CV7Zq9AFonTk7KkKM9sL7cYUSSgIaKcCxl37Fj5aVYKEY4zUw3kTTGZIrHtK9piAMqvXRxe4bOtTJEo0joChVaqL8nUhxIOQt83RlgNZGr3lz8z+snanTlpSyME0VDslw0SjhSEZoHgYZMUKL4TBNMBNO3IjLBAhOl4zJ1CM7qy+ukW685FzX7tlFuVfM4inAKZ1AFBy6hBTfQhg4QeIJneIU3IzNejHfjY9laMPKZE/gD4/MH6VmRsA==</latexit>

p = 22

= 4

<latexit sha1_base64="cZhqhzi0nx6D4FpKVQZkOfhAknw=">AAACBnicbVDLSgMxFM34rPVVdSlCsFi6KjNF1E2h4MZlBfuAzlgyaaYNzWSG5I4wDF258VfcuFDErd/gzr8xfSy09cCFk3PuJfcePxZcg21/Wyura+sbm7mt/PbO7t5+4eCwpaNEUdakkYhUxyeaCS5ZEzgI1okVI6EvWNsfXU/89gNTmkfyDtKYeSEZSB5wSsBIvcJJjEs1XL3PXC4DSMeum8clXMOzZ69QtCv2FHiZOHNSRHM0eoUvtx/RJGQSqCBadx07Bi8jCjgVbJx3E81iQkdkwLqGShIy7WXTM8b4zCh9HETKlAQ8VX9PZCTUOg190xkSGOpFbyL+53UTCK68jMs4ASbp7KMgERgiPMkE97liFERqCKGKm10xHRJFKJjk8iYEZ/HkZdKqVpyLin17XqyX53Hk0DE6RWXkoEtURzeogZqIokf0jF7Rm/VkvVjv1sesdcWazxyhP7A+fwASbpbk</latexit>

p = 2�

= �

<latexit sha1_base64="lOszckwb19ZetXuf5D/q0fg51h0=">AAAB7HicbVBNS8NAFHypX7V+VT16WSyCp5KIqMeiF48VTFtoQ9lsN+3SzSbsvggl9Dd48aCIV3+QN/+N2zYHbR1YGGbesO9NmEph0HW/ndLa+sbmVnm7srO7t39QPTxqmSTTjPsskYnuhNRwKRT3UaDknVRzGoeSt8Px3cxvP3FtRKIecZLyIKZDJSLBKFrJ7w0SNP1qza27c5BV4hWkBgWa/eqXzbEs5gqZpMZ0PTfFIKcaBZN8WullhqeUjemQdy1VNOYmyOfLTsmZVQYkSrR9Cslc/Z3IaWzMJA7tZExxZJa9mfif180wuglyodIMuWKLj6JMEkzI7HIyEJozlBNLKNPC7krYiGrK0PZTsSV4yyevktZF3buquw+XtcZtUUcZTuAUzsGDa2jAPTTBBwYCnuEV3hzlvDjvzsditOQUmWP4A+fzB/MOjsc=</latexit>. . .

<latexit sha1_base64="JA+KwzgbPGoQWCJq/K/mySOmgNU=">AAAB7XicdVDLSgMxFM3UV62vqks3wSK4GjKlttNdwY3LKvYB7VAyadrGZpIhyQhl6D+4caGIW//HnX9jpq2gogcuHM65l3vvCWPOtEHow8mtrW9sbuW3Czu7e/sHxcOjtpaJIrRFJJeqG2JNORO0ZZjhtBsriqOQ0044vcz8zj1Vmklxa2YxDSI8FmzECDZWavcp54N4UCwht16pozKCGfG8WtUS/8L3yxXouWiBElihOSi+94eSJBEVhnCsdc9DsQlSrAwjnM4L/UTTGJMpHtOepQJHVAfp4to5PLPKEI6ksiUMXKjfJ1IcaT2LQtsZYTPRv71M/MvrJWbkBykTcWKoIMtFo4RDI2H2OhwyRYnhM0swUczeCskEK0yMDahgQ/j6FP5P2mXXq7roulJq3KziyIMTcArOgQdqoAGuQBO0AAF34AE8gWdHOo/Oi/O6bM05q5lj8APO2ycY04+K</latexit>

�p

<latexit sha1_base64="wP8IKSocQy5r+GIJHNKtwVef0Do="></latexit>

�xn�1�p = p
�

|x1|p + · · · + |xn|p B1(Fn; �p) �
�
x � Fn

�� �x�p = 1
�



SUITABLE SAMPLING
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SPARK(�m�n) � min

�
�

�t

����

�
� i1, . . . , it � {1, . . . , n}
� 0 �= c1, . . . , ct

:
t�

j=1

cj�ij
= 0m�1

�
�

�
<latexit sha1_base64="6cyFhhJYCRqXkEHm9cMSms5UbF8="></latexit><latexit sha1_base64="6cyFhhJYCRqXkEHm9cMSms5UbF8="></latexit><latexit sha1_base64="6cyFhhJYCRqXkEHm9cMSms5UbF8="></latexit>

�m�n satisfies NSP(k, cNSP) i�

�h � N (�), � � � {1, . . . , n}, |�| = k : �h��2 <
cNSP�

k
�h�c�1

0 � �k < 1, �xn�1 � �k : (1 � �k)�x�2
2 � ��m�n xn�1�2

2 � (1 + �k)�x�2
2

<latexit sha1_base64="sgRMSv1T2p0aZfGfgBnqtVigvNg="></latexit>

�m�n satisfies RIP(k, �k) i�
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SPARSE RECOVERY

13

• How to recover x?

xn�1 � �k , ym�1 = �m�n xn�1

ym�1
?� xn�1

�xn�1 = the sparsest zn�1

s.t. ym�1 = �m�n zn�1

�xn�1 = argmin
zn�1

�zn�1�0

s.t. ym�1 = �m�n zn�1

�

P0

� �xn�1 = xn�1• SPARK(�) > 2k � xn�1 is the sparsest solution to P0

• P0 is non-convex � NP-hard

• � · �0 is sensitive to noise



SPARSE RECOVERY

14

• How to recover x?

xn�1 � �k , ym�1 = �m�n xn�1

ym�1
?� xn�1

�xn�1 = argmin
zn�1

�zn�1�1

s.t. ym�1 = �m�n zn�1

• Convex relaxation
P1

compressibility

instead

of sparsity

• P1 does not necessarily result in a sparse solution

• � : NSP(k, 1) � xn�1 is the unique minimizer of P1 � �xn�1 = xn�1

• P1 is convex � polynomial-time algorithm

GEOMETRICAL 
PERSPECTIVE

15

�xn�1 = argmin
zn�1

�zn�1�2

s.t. ym�1 = �m�n zn�1

�xn�1 = argmin
zn�1

�zn�1�1

s.t. ym�1 = �m�n zn�1

zn�1 : y = �z

�xn�1

zn�1 : y = �z

�xn�1



    VIA LP
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�xn�1 = argmin
zn�1

�zn�1�1

s.t. ym�1 = �m�n zn�1

P1

P1 via LP

�x±
2n�1 = argmax

z2n�1

[1 , 1 , . . . , 1]1�2n z2n�1

s.t.

�
���

���

z2n�1 � 0n�1

�
� -�
-� �

�
z2n�1 �

�
y

-y

�

�xi =
� �x±

�
i
�

� �x±
�
n+i

1 � i � n

LP

�xn�1 = argmax
zn�1

�
cn�1

�T
zn�1

s.t.

�
zn�1 � 0n�1

Am�n zn�1 � bm�1

<latexit sha1_base64="ssCwfhKjfVAPH0OgDfKc4VDbBuc="></latexit>

<latexit sha1_base64="xQ71wLevv8v4TOg99H5MUG7boZ0=">AAACCHicdVDNSsNAGNzUv1r/qh69LBbBU0ja0qa3ghePVWwtNKFstpt26WYTdjdiCXkBH8CrPoI38epb+AS+hpu2ghUdWBhmvo9vdvyYUaks68MorK1vbG4Vt0s7u3v7B+XDo56MEoFJF0csEn0fScIoJ11FFSP9WBAU+ozc+tOL3L+9I0LSiN+oWUy8EI05DShGSkuuGyI18f20kw3tYblimS3HqrWqUJOG06g2NXGaTr1mQ9u05qiAJTrD8qc7inASEq4wQ1IObCtWXoqEopiRrOQmksQIT9GYDDTlKCTSS+eZM3imlREMIqEfV3Cu/txIUSjlLPT1ZJ5R/vZy8S9vkKjA8VLK40QRjheHgoRBFcG8ADiigmDFZpogLKjOCvEECYSVrmnlyligeELxfaab+f4+/J/0qqbdMK2reqV9veyoCE7AKTgHNmiCNrgEHdAFGMTgETyBZ+PBeDFejbfFaMFY7hyDFRjvX+UIm04=</latexit>P1
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LP SHORTCOMING

18

• Basis Pursuit (BP)

• Basis Pursuit DeNoising (BPDN)

ym�n = �m�n xn�1 + wm�1
��wm�1

��
2

� �
�

�xn�1 = argmin
zn�1

�zn�1�1

s.t.
��ym�1 � �m�n zn�1

��
2

� �

�P1

�xn�1 = argmin
zn�1

�zn�1�1

s.t. ym�1 = �m�n zn�1

P1

ym�n = �m�n xn�1 �

• Dantzig Selector

ym�n = �m�n xn�1 + wm�1 ����T
m�nwm�1

��
� � �

�xn�1 = argmin
zn�1

�zn�1�1

s.t.
���T

�
y � � z

���
� � �

DS



LAGRANGE FORM
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• BP / BPDN

�xn�1 = argmin
zn�1

�zn�1�1

s.t.
��ym�1 � �m�n zn�1

��
2

� �

�P1

�xn�1 = argmin
zn�1

�zn�1�1

s.t. ym�1 = �m�n zn�1

P1

• Lagrangian form

�xn�1 = argmin
zn�1

J
�
zn�1

�
= argmin

zn�1

��ym�1 � �m�n zn�1

��2

2
+ � �zn�1�1

• � should be properly set.

• J(zn�1) is convex.

• J(zn�1) is non-smooth.

SURROGATE 
FUNCTIONS

20

z(1)z(1) z(0)z(0)
z

J(z)

surrogate
function
surrogate
function

• Surrogate function �J(zn�1):

i) � zn�1 : �J(z) � J(z).

ii) For a given z�: �J(z�) = J(z�).

iii) Minimizing �J is easy.

� · · ·

�
��

��

J(z(0)) = �J(z(0))
�J(z(1)) � �J(z(0))

J(z(1)) � �J(z(1))

� J(z(1)) � J(z(0))

z(2)



IRLS
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J(zn�1) =
��ym�1 � �m�n zn�1

��2

2
+ � �zn�1�1

useful inequality: � a, b, |a| � 1
2

a2

|b| + 1
2 |b|

equality for
a = b

�Ji+1(zn�1) =
��ym�1 � �m�n zn�1

��2

2
+ �

2

n�

j=1

�
z2
j

|z(i)
j |

+ |z(i)
j |

�

previous
iteration

IRLS:

�
�����������

�����������

initialize z(0)

set i = 0
while (stopping condition)

z(i+1) =

�
�H� + �

2 diag
�

1

|z(i)
1 |+�

, · · · , 1

|z(i)
n |+�

���1

�Hy

i � i + 1
update stop. cond.

end
<latexit sha1_base64="iVMjbRayTwYm1TDkMvXQcJx1GVk="></latexit><latexit sha1_base64="iVMjbRayTwYm1TDkMvXQcJx1GVk="></latexit><latexit sha1_base64="iVMjbRayTwYm1TDkMvXQcJx1GVk="></latexit>

ISTA

22

J(zn�1) =
��ym�1 � �m�n zn�1

��2

2
+ � �zn�1�1

previous
iteration

� �� �
L

�Ji+1(zn�1) =
��y � � z

��2

2
+ L

��z � z(i)
��2

2
�

���
�
z � z(i)

���2

2
+ �

��z
��

1

Fn minimisation � n �
�
F1 minimisation

�

useful inequality: �vn�1,
���m�n vn�1

��2

2
� �max

�
�H�

�
�v�2

2

= L
��z �

�
z(i) � 1

L�H(�z(i) � y)
���2

2
+ ��z�1 +

�
terms not
having z

�

argmin
zn�1

�Ji+1(z) � argmin
zj

��zj �
�
z(i) � 1

L�H(�z(i) � y)
�
j

��2 + �
L |zj |



ISTA
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�
2

- �
2 45�

45�

S(t; �)

t

ISTA:

�
�������������

�������������

initialize z(0)

set L = �max

�
�H�

�

set i = 0
while (stopping condition)

t � z(i) � 1
L�H(�z(i) � y)

z(i+1) =
�
S(t1;

�
L ) , . . . , S(tn; �

L )
�T

i � i + 1
update stop. cond.

end

shrinkage
function

S(t; �) = argmin
z

|z � t|2 + � |z| =

�
�

�

�
|t| � �

2

�
ej�t, |t| > �

2 ,

0, |t| � �
2 .

ADMM

24

• ADMM

x�
n�1 = argmin

zn�1

f(z) + g(z)

Jk(z, �) � f(z) + g(�) + µ�z � ��2
2 � (� k)T (z � �)

x�
n�1 = argmin

zn�1,�n�1

f(z) + g(�)

s.t. z � � = 0

�
���

���

� k+1 = � k � 2µ
�
z(k) � �(k)�

z(k+1) = argminzn�1
Jk+1

�
z, �(k)�

�(k+1) = argmin�n�1
Jk+1

�
z(k+1), �

�
<latexit sha1_base64="GNBY5U+430wAmE5S/4c9piqyUSo="></latexit><latexit sha1_base64="GNBY5U+430wAmE5S/4c9piqyUSo="></latexit><latexit sha1_base64="GNBY5U+430wAmE5S/4c9piqyUSo="></latexit>
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MULTI-SNAPSHOT 
RADAR

26

<latexit sha1_base64="uv6nwoVfN6krvJ/zRpQ2YfP6zKk=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BLx4TMA9IljA76U2GzM4uM7NiCMEP8Kqf4E28+i1+gb/hJNmDSSxoKKq66e4KEsG1cd1vJ7exubW9k98t7O0fHB4Vj0+aOk4VwwaLRazaAdUouMSG4UZgO1FIo0BgKxjdzfzWIyrNY/lgxgn6ER1IHnJGjZXqXq9YcsvuHGSdeBkpQYZar/jT7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5oVNyYZU+CWNlSxoyV/9OTGik9TgKbGdEzVCvejPxP6+TmvDWn3CZpAYlWywKU0FMTGZfkz5XyIwYW0KZ4vZWwoZUUWZsNktbBoomQ86epjYZbzWHddK8KnvXZbdeKVUrWUZ5OINzuAQPbqAK91CDBjBAeIFXeHOenXfnw/lctOacbOYUluB8/QJ4LZXt</latexit>

1
<latexit sha1_base64="jbY3/AnlDcczEKll3PcggD1Q24I=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoB4DXjwmYB6QLGF20psMmZ1dZmbFEIIf4FU/wZt49Vv8An/DSbIHTSxoKKq66e4KEsG1cd0vJ7exubW9k98t7O0fHB4Vj09aOk4VwyaLRaw6AdUouMSm4UZgJ1FIo0BgOxjfzv32AyrNY3lvJgn6ER1KHnJGjZUalX6x5JbdBcg68TJSggz1fvG7N4hZGqE0TFCtu56bGH9KleFM4KzQSzUmlI3pELuWShqh9qeLQ2fkwioDEsbKljRkof6emNJI60kU2M6ImpFe9ebif143NeGNP+UySQ1KtlwUpoKYmMy/JgOukBkxsYQyxe2thI2ooszYbP5sGSqajDh7nNlkvNUc1kmrUvauym6jWqpVs4zycAbncAkeXEMN7qAOTWCA8Awv8Oo8OW/Ou/OxbM052cwp/IHz+QN5xpXu</latexit>

2

<latexit sha1_base64="hpeyKMc0GSD7F8Z/NFUFdqHpBK0=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BLx4TMA9IljA76U2GzOwuM7NiCMEP8Kqf4E28+i1+gb/hJNmDSSxoKKq66e4KEsG1cd1vJ7exubW9k98t7O0fHB4Vj0+aOk4VwwaLRazaAdUoeIQNw43AdqKQykBgKxjdzfzWIyrN4+jBjBP0JR1EPOSMGivVZa9YcsvuHGSdeBkpQYZar/jT7ccslRgZJqjWHc9NjD+hynAmcFrophoTykZ0gB1LIypR+5P5oVNyYZU+CWNlKzJkrv6dmFCp9VgGtlNSM9Sr3kz8z+ukJrz1JzxKUoMRWywKU0FMTGZfkz5XyIwYW0KZ4vZWwoZUUWZsNktbBoomQ86epjYZbzWHddK8KnvXZbdeKVUrWUZ5OINzuAQPbqAK91CDBjBAeIFXeHOenXfnw/lctOacbOYUluB8/QLYCZYp</latexit>m

<latexit sha1_base64="eUWpazCY95J01YtKexgURXwjZu8=">AAACBHicdVDJSgNBEK2JW4xb1KOXxiB4CjOiMd4CXjxGMAskIfR0ejJNeha6a8QQcvUDvLl8gjfx6n/4Bf6GPUkE4/Kg4PFeFVX13FgKjbb9bmUWFpeWV7KrubX1jc2t/PZOXUeJYrzGIhmppks1lyLkNRQoeTNWnAau5A13cJ76jWuutIjCKxzGvBPQfig8wSgaqdlGnyPtOt18wS6e2M5ZySG/iVO0JyjADNVu/qPdi1gS8BCZpFq3HDvGzogqFEzyca6daB5TNqB93jI0pAHXndHk3jE5MEqPeJEyFSKZqN8nRjTQehi4pjOg6OufXir+5bUS9MqdkQjjBHnIpou8RBKMSPo86QnFGcqhIZQpYW4lzKeKMjQRzW3pKxr7gt2MTTJf75P/Sf2o6JSK9uVxoVK+T/EAWdiDfTgEB06hAhdQhRowkHAHj/Bk3VrP1ov1Oo0zY81y3YU5WG+fdL+c4Q==</latexit>

�1
<latexit sha1_base64="CUoFuGfZJCTX6UDpPINmAhgjXhc=">AAACBHicdVDJSgNBEK1xjXGLevTSGARPYSZojLeAF48RzAJJCD2dnqRJz0J3jRiGXP0Aby6f4E28+h9+gb9hTxLBuDwoeLxXRVU9N5JCo22/WwuLS8srq5m17PrG5tZ2bme3rsNYMV5joQxV06WaSxHwGgqUvBkpTn1X8oY7PE/9xjVXWoTBFY4i3vFpPxCeYBSN1GzjgCPtFru5vF04sZ2zkkN+E6dgT5CHGard3Ee7F7LY5wEySbVuOXaEnYQqFEzycbYdax5RNqR93jI0oD7XnWRy75gcGqVHvFCZCpBM1O8TCfW1Hvmu6fQpDvRPLxX/8loxeuVOIoIoRh6w6SIvlgRDkj5PekJxhnJkCGVKmFsJG1BFGZqI5rb0FY0Ggt2MTTJf75P/Sb1YcEoF+/I4Xynfp3iADOzDARyBA6dQgQuoQg0YSLiDR3iybq1n68V6nca5YM1y3YM5WG+fdlic4g==</latexit>

�2

<latexit sha1_base64="rIzvw+YDwPOLX0UM3Qk1JbNQod4=">AAACBHicdVDJSgNBEK2JW4xb1KOXxiB4CjOiMd4CXjxGMAskIfR0OkmTnp6hu0YMIVc/wJvLJ3gTr/6HX+Bv2JNEMC4PCh7vVVFVz4+kMOi6705qYXFpeSW9mllb39jcym7vVE0Ya8YrLJShrvvUcCkUr6BAyeuR5jTwJa/5g/PEr11zbUSornAY8VZAe0p0BaNopXoT+xxpW7WzOTd/4npnBY/8Jl7enSAHM5Tb2Y9mJ2RxwBUySY1peG6ErRHVKJjk40wzNjyibEB7vGGpogE3rdHk3jE5sEqHdENtSyGZqN8nRjQwZhj4tjOg2Dc/vUT8y2vE2C22RkJFMXLFpou6sSQYkuR50hGaM5RDSyjTwt5KWJ9qytBGNLelp2nUF+xmbJP5ep/8T6pHea+Qdy+Pc6XifYIHSMMe7MMheHAKJbiAMlSAgYQ7eIQn59Z5dl6c12mcKWeW6y7MwXn7BNY0nR4=</latexit>

�n

<latexit sha1_base64="Lv5nLjFFQDFHJKuFxkuuORvoH6w=">AAACBHicdVDJSgNBEK1xjXGLevTSGARPw4xLjLeAF48RzAJJCD2dTtKkZ6G7RgxDrn6AN5dP8CZe/Q+/wN+wJ4lgXB4UPN6roqqeF0mh0XHerbn5hcWl5cxKdnVtfWMzt7Vd1WGsGK+wUIaq7lHNpQh4BQVKXo8Up74nec0bnKd+7ZorLcLgCocRb/m0F4iuYBSNVG9inyNtH7Vzecc+cdyzgkt+E9d2xsjDFOV27qPZCVns8wCZpFo3XCfCVkIVCib5KNuMNY8oG9AebxgaUJ/rVjK+d0T2jdIh3VCZCpCM1e8TCfW1Hvqe6fQp9vVPLxX/8hoxdoutRARRjDxgk0XdWBIMSfo86QjFGcqhIZQpYW4lrE8VZWgimtnSUzTqC3YzMsl8vU/+J9VD2y3YzuVxvlS8T/EAGdiFPTgAF06hBBdQhgowkHAHj/Bk3VrP1ov1OolzzprmugMzsN4+AXfxnOM=</latexit>

�3

<latexit sha1_base64="Bc2iIuahwJH9ddeQLZ8tkPZhEuY="></latexit>

�
�i,j

�
m�n

�

����������

0

0
...
0

�

����������

= y1

<latexit sha1_base64="ahQp5KghX3NTgWckBaoHO1u7g0c="></latexit>

�
�i,j

�
m�n

�

����������

0

0
...
0

�

����������

= y2

<latexit sha1_base64="ethCB7TgLE9DNfwN/DdukdCF+Xk="></latexit>

�
�i,j

�
m�n

�

����������

0

0
...
0

�

����������

= y3
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<latexit sha1_base64="uv6nwoVfN6krvJ/zRpQ2YfP6zKk=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BLx4TMA9IljA76U2GzM4uM7NiCMEP8Kqf4E28+i1+gb/hJNmDSSxoKKq66e4KEsG1cd1vJ7exubW9k98t7O0fHB4Vj0+aOk4VwwaLRazaAdUouMSG4UZgO1FIo0BgKxjdzfzWIyrNY/lgxgn6ER1IHnJGjZXqXq9YcsvuHGSdeBkpQYZar/jT7ccsjVAaJqjWHc9NjD+hynAmcFrophoTykZ0gB1LJY1Q+5P5oVNyYZU+CWNlSxoyV/9OTGik9TgKbGdEzVCvejPxP6+TmvDWn3CZpAYlWywKU0FMTGZfkz5XyIwYW0KZ4vZWwoZUUWZsNktbBoomQ86epjYZbzWHddK8KnvXZbdeKVUrWUZ5OINzuAQPbqAK91CDBjBAeIFXeHOenXfnw/lctOacbOYUluB8/QJ4LZXt</latexit>

1
<latexit sha1_base64="jbY3/AnlDcczEKll3PcggD1Q24I=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKeyGoB4DXjwmYB6QLGF20psMmZ1dZmbFEIIf4FU/wZt49Vv8An/DSbIHTSxoKKq66e4KEsG1cd0vJ7exubW9k98t7O0fHB4Vj09aOk4VwyaLRaw6AdUouMSm4UZgJ1FIo0BgOxjfzv32AyrNY3lvJgn6ER1KHnJGjZUalX6x5JbdBcg68TJSggz1fvG7N4hZGqE0TFCtu56bGH9KleFM4KzQSzUmlI3pELuWShqh9qeLQ2fkwioDEsbKljRkof6emNJI60kU2M6ImpFe9ebif143NeGNP+UySQ1KtlwUpoKYmMy/JgOukBkxsYQyxe2thI2ooszYbP5sGSqajDh7nNlkvNUc1kmrUvauym6jWqpVs4zycAbncAkeXEMN7qAOTWCA8Awv8Oo8OW/Ou/OxbM052cwp/IHz+QN5xpXu</latexit>

2

<latexit sha1_base64="hpeyKMc0GSD7F8Z/NFUFdqHpBK0=">AAAB/XicbVDLSgNBEOyNrxhfUY9eBoPgKexKUI8BLx4TMA9IljA76U2GzOwuM7NiCMEP8Kqf4E28+i1+gb/hJNmDSSxoKKq66e4KEsG1cd1vJ7exubW9k98t7O0fHB4Vj0+aOk4VwwaLRazaAdUoeIQNw43AdqKQykBgKxjdzfzWIyrN4+jBjBP0JR1EPOSMGivVZa9YcsvuHGSdeBkpQYZar/jT7ccslRgZJqjWHc9NjD+hynAmcFrophoTykZ0gB1LIypR+5P5oVNyYZU+CWNlKzJkrv6dmFCp9VgGtlNSM9Sr3kz8z+ukJrz1JzxKUoMRWywKU0FMTGZfkz5XyIwYW0KZ4vZWwoZUUWZsNktbBoomQ86epjYZbzWHddK8KnvXZbdeKVUrWUZ5OINzuAQPbqAK91CDBjBAeIFXeHOenXfnw/lctOacbOYUluB8/QLYCZYp</latexit>m

<latexit sha1_base64="eUWpazCY95J01YtKexgURXwjZu8=">AAACBHicdVDJSgNBEK2JW4xb1KOXxiB4CjOiMd4CXjxGMAskIfR0ejJNeha6a8QQcvUDvLl8gjfx6n/4Bf6GPUkE4/Kg4PFeFVX13FgKjbb9bmUWFpeWV7KrubX1jc2t/PZOXUeJYrzGIhmppks1lyLkNRQoeTNWnAau5A13cJ76jWuutIjCKxzGvBPQfig8wSgaqdlGnyPtOt18wS6e2M5ZySG/iVO0JyjADNVu/qPdi1gS8BCZpFq3HDvGzogqFEzyca6daB5TNqB93jI0pAHXndHk3jE5MEqPeJEyFSKZqN8nRjTQehi4pjOg6OufXir+5bUS9MqdkQjjBHnIpou8RBKMSPo86QnFGcqhIZQpYW4lzKeKMjQRzW3pKxr7gt2MTTJf75P/Sf2o6JSK9uVxoVK+T/EAWdiDfTgEB06hAhdQhRowkHAHj/Bk3VrP1ov1Oo0zY81y3YU5WG+fdL+c4Q==</latexit>

�1
<latexit sha1_base64="CUoFuGfZJCTX6UDpPINmAhgjXhc=">AAACBHicdVDJSgNBEK1xjXGLevTSGARPYSZojLeAF48RzAJJCD2dnqRJz0J3jRiGXP0Aby6f4E28+h9+gb9hTxLBuDwoeLxXRVU9N5JCo22/WwuLS8srq5m17PrG5tZ2bme3rsNYMV5joQxV06WaSxHwGgqUvBkpTn1X8oY7PE/9xjVXWoTBFY4i3vFpPxCeYBSN1GzjgCPtFru5vF04sZ2zkkN+E6dgT5CHGard3Ee7F7LY5wEySbVuOXaEnYQqFEzycbYdax5RNqR93jI0oD7XnWRy75gcGqVHvFCZCpBM1O8TCfW1Hvmu6fQpDvRPLxX/8loxeuVOIoIoRh6w6SIvlgRDkj5PekJxhnJkCGVKmFsJG1BFGZqI5rb0FY0Ggt2MTTJf75P/Sb1YcEoF+/I4Xynfp3iADOzDARyBA6dQgQuoQg0YSLiDR3iybq1n68V6nca5YM1y3YM5WG+fdlic4g==</latexit>

�2

<latexit sha1_base64="rIzvw+YDwPOLX0UM3Qk1JbNQod4=">AAACBHicdVDJSgNBEK2JW4xb1KOXxiB4CjOiMd4CXjxGMAskIfR0OkmTnp6hu0YMIVc/wJvLJ3gTr/6HX+Bv2JNEMC4PCh7vVVFVz4+kMOi6705qYXFpeSW9mllb39jcym7vVE0Ya8YrLJShrvvUcCkUr6BAyeuR5jTwJa/5g/PEr11zbUSornAY8VZAe0p0BaNopXoT+xxpW7WzOTd/4npnBY/8Jl7enSAHM5Tb2Y9mJ2RxwBUySY1peG6ErRHVKJjk40wzNjyibEB7vGGpogE3rdHk3jE5sEqHdENtSyGZqN8nRjQwZhj4tjOg2Dc/vUT8y2vE2C22RkJFMXLFpou6sSQYkuR50hGaM5RDSyjTwt5KWJ9qytBGNLelp2nUF+xmbJP5ep/8T6pHea+Qdy+Pc6XifYIHSMMe7MMheHAKJbiAMlSAgYQ7eIQn59Z5dl6c12mcKWeW6y7MwXn7BNY0nR4=</latexit>

�n

<latexit sha1_base64="Lv5nLjFFQDFHJKuFxkuuORvoH6w=">AAACBHicdVDJSgNBEK1xjXGLevTSGARPw4xLjLeAF48RzAJJCD2dTtKkZ6G7RgxDrn6AN5dP8CZe/Q+/wN+wJ4lgXB4UPN6roqqeF0mh0XHerbn5hcWl5cxKdnVtfWMzt7Vd1WGsGK+wUIaq7lHNpQh4BQVKXo8Up74nec0bnKd+7ZorLcLgCocRb/m0F4iuYBSNVG9inyNtH7Vzecc+cdyzgkt+E9d2xsjDFOV27qPZCVns8wCZpFo3XCfCVkIVCib5KNuMNY8oG9AebxgaUJ/rVjK+d0T2jdIh3VCZCpCM1e8TCfW1Hvqe6fQp9vVPLxX/8hoxdoutRARRjDxgk0XdWBIMSfo86QjFGcqhIZQpYW4lrE8VZWgimtnSUzTqC3YzMsl8vU/+J9VD2y3YzuVxvlS8T/EAGdiFPTgAF06hBBdQhgowkHAHj/Bk3VrP1ov1OolzzprmugMzsN4+AXfxnOM=</latexit>

�3
<latexit sha1_base64="EMyXdDMdcqIkKaTxwYPRtvrxQ4g="></latexit>

�
�i,j

�
m�n

�

����������

0 0 0

0 0 0
...

...
...

0 0 0

�

����������

=
�

y1 y2 y3

�

<latexit sha1_base64="ZKdZCqEk/Wv7U5MJpnzXOEg/9w8="></latexit>

Jointly sparse vectors

<latexit sha1_base64="k/bZHbtU0nOM4qFZRLyYj6pC9mk="></latexit>

Multiple measurement vector (MMV) model

<latexit sha1_base64="OY2/Sl5/rvV7U6ORMTXrP/DC90I=">AAACGnicbZDLSgMxGIX/8VrrbdSlLgaL4KrMiGiXBTcuK9gLtKVk0r9taCYzJBmxDLPxLRQfwK0+gjtx68Yn8DXMtF3Y1gMhh/MnnOTzI86Udt1va2l5ZXVtPbeR39za3tm19/ZrKowlxSoNeSgbPlHImcCqZppjI5JIAp9j3R9eZfP6HUrFQnGrRxG2A9IXrMco0Sbq2EetWHRR+pJQTFoDFWV7iQZp2knSjl1wi+5YzqLxpqYAU1U69k+rG9I4QKEpJ0o1PTfS7YRIzSjHNN+KFZqGIelj01hBAlTtZPyL1DkxSdfphdIsoZ1x+vdGQgKlRoFvTgZED9T8LAv/mzVj3Su1EyaiWKOgk6JezB0dOhkSp8skUs1HxhAqmXmrQwfEENEG3ExLX5JowOh9Rsab57BoamdF76Lo3pwXyqXHTE+Qg0M4hlPw4BLKcA0VqAKFB3iBV3iznq1368P6nOBcsqZcD2BG1tcvth2mLA==</latexit>� �� �

MMV

28

<latexit sha1_base64="BRO0z7qOo8ZeAm8/sNqwIFCYW0w="></latexit>�
����

����

Ym�d� �� �
measurements

=�m�n� �� �
sensing
matrix

Xn�d� �� �
jointly
sparse

+Wm�d� �� �
noise

Xn�d has few non-zero rows

<latexit sha1_base64="svZof5OQTiVT44bZsbYihZkC14A="></latexit>�
����

����

Ym�d� �� �
measurements

=�m�n� �� �
sensing
matrix

Xn�d� �� �
jointly
sparse

Xn�d has few non-zero rows

<latexit sha1_base64="Bn9P+QH6bny2k/C1pfThow7JXlE=">AAACBXicbZDNSgMxFIXv+FvrX9Wlm8EiuCozItplwY3LCvZH2qFk0kwbmkmG5I60DF37AK4UfQR34tbn8Al8DWfaLmzrgcDhnIR78/mR4AYd59taWV1b39jMbeW3d3b39gsHh3WjYk1ZjSqhdNMnhgkuWQ05CtaMNCOhL1jDH1xnfeOBacOVvMNRxLyQ9CQPOCWYRvdtZENMlB53CkWn5ExkLxt3ZoowU7VT+Gl3FY1DJpEKYkzLdSL0EqKRU8HG+XZsWETogPRYK7WShMx4yWThsX2aJl07UDo9Eu1J+vdFQkJjRqGf3gwJ9s1il4X/da0Yg7KXcBnFyCSdDgpiYaOys9/bXa4ZRTFKDaGap7vatE80oZgympvS0yTqczrMyLiLHJZN/bzkXpac24tipfyc6QVycAwncAYuXEEFbqAKNaAQwhO8wpv1aL1bH9bnFOeKNeN6BHOyvn4BxSWdoQ==</latexit>or

<latexit sha1_base64="2csf6GZRRClQvpa3nZ1WJNNbThE="></latexit>

�Xn�d = argmin
Zn�d

�Zn�d�2,1

s.t. Ym�d = �m�n Zn�d

<latexit sha1_base64="//t0ASsetWTWutOOkW4UevTna2w="></latexit>

�Xn�d = argmin
Zn�d

�Zn�d�2,1

s.t. �Ym�d � �m�n Zn�d�2 � �
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<latexit sha1_base64="/rpXpAfiI8pIMEGUE/Bn9RIQESU="></latexit>���������������

�

����������

0 0 0

0 0 0
...

...
...

0 0 0

�

����������

���������������
2,1

<latexit sha1_base64="XX2IIwzy3oOU/tvJkgfmVyaTKfo="></latexit>���������������

�

����������

0 0 0

0 0 0
...

...
...

0 0 0

�

����������

���������������

<latexit sha1_base64="8AgZ/gz+XZN4vAnrfRZl4oQ6cto=">AAACFXicbZDLSgMxGIX/8VrrbdSFCzfBIghCmSmiXRbcuKxgL9COJZNm2tDMxSQjlmGeQ3TrVh/Bnbh17RP4GmbaIrb1QMLhnIQ/+dyIM6ks68tYWFxaXlnNreXXNza3ts2d3boMY0FojYQ8FE0XS8pZQGuKKU6bkaDYdzltuIOLrG/cUSFZGFyrYUQdH/cC5jGClY465n5b3gqVWDcldIJ+9zTfMQtW0RoJzRt7YgowUbVjfre7IYl9GijCsZQt24qUk2ChGOE0zbdjSSNMBrhHW9oG2KfSSUYfSNGRTrrIC4VegUKj9O+NBPtSDn1Xn/Sx6svZLgv/61qx8spOwoIoVjQg40FezJEKUUYDdZmgRPGhNpgIpt+KSB8LTJRmNjWlJ3DUZ+Q+1WTsWQ7zpl4q2mdF6+q0UCk/ZnqCHBzAIRyDDedQgUuoQg0IpPAML/BqPBhvxrvxMca5YEy47sGUjM8fJnygog==</latexit>�
02 + 02 + 02

<latexit sha1_base64="KZ4p7v+pU9s4xmKU0TixiGMR02A=">AAACAnicdVBNS0JBFL3Pvsy+rJZthiRoJTMS+twJbVoa5AeoyLxx1Ml5H8zMi0Tc9QPa6k9oF237I/2C/kbz1CCjDlw4nHMv997jRVJog/GHk9rY3NreSe9m9vYPDo+yxyd1HcaK8RoLZaiaHtVcioDXjDCSNyPFqe9J3vBG14nfeOBKizC4M+OId3w6CERfMGqsVG9zKbuFbjaH8xhjQghKCCkVsSXlslsgLiKJZZGDFard7Ge7F7LY54FhkmrdIjgynQlVRjDJp5l2rHlE2YgOeMvSgPpcdyaLa6fowio91A+VrcCghfpzYkJ9rce+Zzt9aob6t5eIf3mt2PTdzkQEUWx4wJaL+rFEJkTJ66gnFGdGji2hTAl7K2JDqigzNqC1LQNFo6Fgj1ObzPf76H9SL+RJMY9vr3IVd5ZgDmk4g3O4BAIlqMANVKEGDO7hGWYwd56cF+fVeVvGmXJWuZ7CGpz3L7iFm+k=</latexit>

�2
<latexit sha1_base64="PARuGKTDKuDgdmQGN88ZPMEdvGQ=">AAACWnicnZDLSgMxGIX/jrdevIyXnZtgESpCmSlSuyy4cVnBXqBTSyZN22DmYpIRyzAPoo/jWwjudatPYKbtwrauPBA4nJNwwueGnEllWW8ZY219Y3Mrm8sXtnd298z9g5YMIkFokwQ8EB0XS8qZT5uKKU47oaDYczltu/dXad9+pEKywL9Vk5D2PDzy2ZARrHTUNx1HPggVOy4blZyxDDGhsVWuEi9Jo7O7CjpH/yyTfN8sWmVrKrRq7LkpwlyNvvnhDAISedRXhGMpu7YVql6MhWKE0yTvRJLqoXs8ol1tfexR2YunFBJ0qpMBGgZCH1+hafr7RYw9KSeeq296WI3lcpeGf3XdSA1rvZj5YaSoT2ZDw4gjFaAUKRowQYniE20wEUz/FZExFpgoDX5hZSRwOGbkKdFk7GUOq6ZVKdvVsnVzUazXnlO9QBaO4QRKYMMl1OEaGtAEAq/wCV/wnXk3DCNnFGY4jcyc6yEsyDj6AaEZuJM=</latexit>�� �2

+
� �2

+
� �2

<latexit sha1_base64="8AgZ/gz+XZN4vAnrfRZl4oQ6cto=">AAACFXicbZDLSgMxGIX/8VrrbdSFCzfBIghCmSmiXRbcuKxgL9COJZNm2tDMxSQjlmGeQ3TrVh/Bnbh17RP4GmbaIrb1QMLhnIQ/+dyIM6ks68tYWFxaXlnNreXXNza3ts2d3boMY0FojYQ8FE0XS8pZQGuKKU6bkaDYdzltuIOLrG/cUSFZGFyrYUQdH/cC5jGClY465n5b3gqVWDcldIJ+9zTfMQtW0RoJzRt7YgowUbVjfre7IYl9GijCsZQt24qUk2ChGOE0zbdjSSNMBrhHW9oG2KfSSUYfSNGRTrrIC4VegUKj9O+NBPtSDn1Xn/Sx6svZLgv/61qx8spOwoIoVjQg40FezJEKUUYDdZmgRPGhNpgIpt+KSB8LTJRmNjWlJ3DUZ+Q+1WTsWQ7zpl4q2mdF6+q0UCk/ZnqCHBzAIRyDDedQgUuoQg0IpPAML/BqPBhvxrvxMca5YEy47sGUjM8fJnygog==</latexit>�
02 + 02 + 02

<latexit sha1_base64="8AgZ/gz+XZN4vAnrfRZl4oQ6cto=">AAACFXicbZDLSgMxGIX/8VrrbdSFCzfBIghCmSmiXRbcuKxgL9COJZNm2tDMxSQjlmGeQ3TrVh/Bnbh17RP4GmbaIrb1QMLhnIQ/+dyIM6ks68tYWFxaXlnNreXXNza3ts2d3boMY0FojYQ8FE0XS8pZQGuKKU6bkaDYdzltuIOLrG/cUSFZGFyrYUQdH/cC5jGClY465n5b3gqVWDcldIJ+9zTfMQtW0RoJzRt7YgowUbVjfre7IYl9GijCsZQt24qUk2ChGOE0zbdjSSNMBrhHW9oG2KfSSUYfSNGRTrrIC4VegUKj9O+NBPtSDn1Xn/Sx6svZLgv/61qx8spOwoIoVjQg40FezJEKUUYDdZmgRPGhNpgIpt+KSB8LTJRmNjWlJ3DUZ+Q+1WTsWQ7zpl4q2mdF6+q0UCk/ZnqCHBzAIRyDDedQgUuoQg0IpPAML/BqPBhvxrvxMca5YEy47sGUjM8fJnygog==</latexit>�
02 + 02 + 02

<latexit sha1_base64="PARuGKTDKuDgdmQGN88ZPMEdvGQ=">AAACWnicnZDLSgMxGIX/jrdevIyXnZtgESpCmSlSuyy4cVnBXqBTSyZN22DmYpIRyzAPoo/jWwjudatPYKbtwrauPBA4nJNwwueGnEllWW8ZY219Y3Mrm8sXtnd298z9g5YMIkFokwQ8EB0XS8qZT5uKKU47oaDYczltu/dXad9+pEKywL9Vk5D2PDzy2ZARrHTUNx1HPggVOy4blZyxDDGhsVWuEi9Jo7O7CjpH/yyTfN8sWmVrKrRq7LkpwlyNvvnhDAISedRXhGMpu7YVql6MhWKE0yTvRJLqoXs8ol1tfexR2YunFBJ0qpMBGgZCH1+hafr7RYw9KSeeq296WI3lcpeGf3XdSA1rvZj5YaSoT2ZDw4gjFaAUKRowQYniE20wEUz/FZExFpgoDX5hZSRwOGbkKdFk7GUOq6ZVKdvVsnVzUazXnlO9QBaO4QRKYMMl1OEaGtAEAq/wCV/wnXk3DCNnFGY4jcyc6yEsyDj6AaEZuJM=</latexit>�� �2
+

� �2
+

� �2

<latexit sha1_base64="NAwTk9gH7+Ohbt3n75EdpV3Ov1M=">AAACBnicdVDLSgMxFM3UV62vqks3wSK4kCFTah+7ghuXVewD26Fk0kwbmskMSUYsQ/d+gFv9BHfi1t/wC/wNM20FK3rgwuGce7n3Hi/iTGmEPqzMyura+kZ2M7e1vbO7l98/aKkwloQ2SchD2fGwopwJ2tRMc9qJJMWBx2nbG1+kfvuOSsVCcaMnEXUDPBTMZwRrI932KOf9pHjmTPv5ArJrpRoqIpgSx6mUDamWi5XSOXRsNEMBLNDo5z97g5DEARWacKxU10GRdhMsNSOcTnO9WNEIkzEe0q6hAgdUucns4ik8McoA+qE0JTScqT8nEhwoNQk80xlgPVK/vVT8y+vG2q+6CRNRrKkg80V+zKEOYfo+HDBJieYTQzCRzNwKyQhLTLQJaWnLUOJoxMh9msz3+/B/0iraTtlGV6VC/XqRURYcgWNwChxQAXVwCRqgCQgQ4BE8gWfrwXqxXq23eWvGWswcgiVY71+nYJoH</latexit>

�2,1

<latexit sha1_base64="6uTF5lKc1ZlOi38H34mnU8AiPBU="></latexit>�
02 + 02 + 02 +

�� �2
+

� �2
+

� �2
+ · · · +

�� �2
+

� �2
+

� �2

<latexit sha1_base64="UrraJrAbM7Vpdw96dUxfEvvqFVI=">AAACAnicdVDJSgNBEK1xjXGLevTSGARPoTtIlltADx4jmAWSIfR0epI2PQvdPWIIufkBXvUTvIlXf8Qv8DfsSSIY0QcFj/eqqKrnxVJog/GHs7K6tr6xmdnKbu/s7u3nDg6bOkoU4w0WyUi1Paq5FCFvGGEkb8eK08CTvOWNLlK/dceVFlF4Y8YxdwM6CIUvGDVWana5lD3Sy+VxAWNMCEEpIeUStqRarRRJBZHUssjDAvVe7rPbj1gS8NAwSbXuEBwbd0KVEUzyababaB5TNqID3rE0pAHX7mR27RSdWqWP/EjZCg2aqT8nJjTQehx4tjOgZqh/e6n4l9dJjF9xJyKME8NDNl/kJxKZCKWvo75QnBk5toQyJeytiA2poszYgJa2DBSNh4LdT20y3++j/0mzWCClAr4+z9cuFxll4BhO4AwIlKEGV1CHBjC4hUd4gmfnwXlxXp23eeuKs5g5giU471+yoZhd</latexit>

�1

30

<latexit sha1_base64="9XPz6cLjlLl5UFnAXwaQeUtSvkw="></latexit>

argmin
t1,...,tn,Zn�d

n�

i=1

ti

s.t.

�
�

�

0 � ti , � 1 � i � n���
Zi,1 , Zi,2 . . . Zi,d

���
2

� ti , � 1 � i � n
Ym�d = �m�n Zn�d

<latexit sha1_base64="HQ3qD69QEfD0dB90eCLNsmi90dU="></latexit>

Second order

cone programming

(SOCP)

<latexit sha1_base64="qgTeB5n8YokTRdURNQbo/vmfz1c="></latexit>

Lagrange form

+

ADMM

<latexit sha1_base64="XCRc4sGp65fPrSpzCV6xJ4jsVGQ="></latexit>

argmin
Zn�d,Bm�d,Cm�d

�Y � B����
�Z

�2
2 + ��Z�2,1 + µ�B � �Z�2

2 � tr
�
CT (B � �Z)

�

<latexit sha1_base64="NAwTk9gH7+Ohbt3n75EdpV3Ov1M=">AAACBnicdVDLSgMxFM3UV62vqks3wSK4kCFTah+7ghuXVewD26Fk0kwbmskMSUYsQ/d+gFv9BHfi1t/wC/wNM20FK3rgwuGce7n3Hi/iTGmEPqzMyura+kZ2M7e1vbO7l98/aKkwloQ2SchD2fGwopwJ2tRMc9qJJMWBx2nbG1+kfvuOSsVCcaMnEXUDPBTMZwRrI932KOf9pHjmTPv5ArJrpRoqIpgSx6mUDamWi5XSOXRsNEMBLNDo5z97g5DEARWacKxU10GRdhMsNSOcTnO9WNEIkzEe0q6hAgdUucns4ik8McoA+qE0JTScqT8nEhwoNQk80xlgPVK/vVT8y+vG2q+6CRNRrKkg80V+zKEOYfo+HDBJieYTQzCRzNwKyQhLTLQJaWnLUOJoxMh9msz3+/B/0iraTtlGV6VC/XqRURYcgWNwChxQAXVwCRqgCQgQ4BE8gWfrwXqxXq23eWvGWswcgiVY71+nYJoH</latexit>

�2,1
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�Xn�d = argmin
Zn�d

�Zn�d�2,1

s.t. Ym�d = �m�n Zn�d
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Thank you!

http://sharif.ir/~aamini aamini@sharif.edu


