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Introduction

Robustness/Sensitivity analysis/Stability

Robustness for uncertain problems: max{ctx : Ax 5 b, ∀A ∈ U}.
I Robust Counterpart: For example, max{c tx : Āx 5 b}, where

āij = max
A∈U

aij

I Key Problems: Conservatism, Tractability, Optimality gap, etc.
I Examples: Inflation rate, Currency rate (Unstable economics), Return

ambiguity in portfolio selection, etc.
I Ben-Tal, Nemirovski, Soyster, Bertsimas, Sim, ....

Robustness for deterministic problems: max{ctx : Ax 5 b}.
I Aim: Finding and investigating an optimal solution which remains

optimal under small perturbations in the problem data.
I Known as stability as well.

Sensitivity Analysis: max{ctx : Ax 5 b}.
I Aim: Studying the behaviour of the optimal value/solution against

changing the problem data (coefficients, constraints, objective
functions).
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Introduction

Uncertainty sets

Box (Bertsimas and Sim):

U =
{
A = [aij ]m×n | aij ∈ [a0ij − āij , a

0
ij + āij ], i = 1, . . . ,m, j = 1, . . . , n

}
.

Polyhedral (Bertsimas and Sim):

Ui =
{
ai ∈ R1×n | Dia

i T ≤ di

}
.

Ellipsoid (Ben-Tal and Nemirovski):

U0 =

A ∈ Rm×n | A = A(0) +
k∑

j=1

ujA
(j), ∥u∥2 ≤ 1, u ∈ Rk

 .
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Introduction

min
x

ctx

s.t. Ax ≤ b, ∀A ∈ U0

U0 =

A ∈ Rm×n | A = A(0) +
k∑

j=1

ujA
(j), ∥u∥2 ≤ 1, u ∈ Rk

 .

min ctx

s.t. ai(0)x ≤ bi −
∥∥∥∆T

i x
∥∥∥
2
, i = 1, . . . ,m,

where ∆i = [ai(1)
T
, ai(2)

T
, . . . , ai(k)

T
].
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Introduction

Example 1: Inflation rate.

Unstable Economics: Robust
Optimization;

Stable Economics:
Robustness/Stability;

A new production line:
Sensitivity Analysis.
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Introduction

Example 2: Mathematical optimization in intensity modulated radiation
therapy.

Ehrgott et al. Ann Oper Res (2010)
175: 309-365.
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Introduction

Example 3: Machine learning - SVM

{xi , yi}mi=1 ⊆ Rn × {−1,+1}.

Linear seperator:

hw ,b(x) = sgn(⟨w , x⟩+ b) =

{
−1, ⟨w , x⟩+ b < 0

+1, ⟨w , x⟩+ b > 0

Max+Hard margin:
min
w ,b

1

2
∥w∥22

s.t. yi (⟨w , xi ⟩+ b) ≥ 1, i = 1, . . . ,m
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Linear seperator:

hw ,b(x) = sgn(⟨w , x⟩+ b) =

{
−1, ⟨w , x⟩+ b < 0

+1, ⟨w , x⟩+ b > 0

Max+Hard margin:
min
w ,b

1

2
∥w∥22

s.t. yi (⟨w , xi ⟩+ b) ≥ 1, i = 1, . . . ,m
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Soft margin:

min
w ,b,ξ

1

2
∥w∥22 + C

m∑
i=1

ξi

s.t. ξi ≥ [1− yi (⟨w , xi ⟩+ b)], i = 1, ...,m

ξi ≥ 0, i = 1, ...,m

Uncertainty: x truei = xi − ui with
Ui = {ui ∈ Rn : uTi Σ

−1
i ui ≤ 1}, i = 1, 2, . . . ,m where [Σi ]n×n ≻ 0 for

i = 1, 2, . . . ,m.

Robust model:

min
w ,b,ξ

1

2
∥w∥22 + C

m∑
i=1

ξi

s.t. ξi ≥ [1− yi (⟨w , xi − ui ⟩+ b)], ∀ui ∈ Ui , i = 1, ...,m

ξi ≥ 0, i = 1, ...,m
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Introduction

Robust counterpart is an SOCP:

min
w ,b,ξ

1

2
∥w∥22 + C

m∑
i=1

ξi

s.t. yi (w
T xi + b) ≥ 1− ξi +

∥∥∥∥Σ 1
2
i w

∥∥∥∥
2

, i = 1, ...,m

ξi ≥ 0, i = 1, ...,m

T. Trafalis and R. Gilbert. Robust support vector machines for
classification and computational issues. Optimization Methods and
Software, 22(1):187-198, 2007.
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Robustness: Linear programming

Robustness: Linear case

Consider the following linear programming (LP) problem:

LP(c) : max ctx
s.t. Ax 5 b,

(1)

where c ∈ Rn, A ∈ Rm×n, and b ∈ Rm.

The set of feasible solutions: X = {x ∈ Rn : Ax 5 b}.
By LP(c) we denote LP (1) with objective coefficient vector c .

A feasible solution x∗ ∈ X is called an optimal solution to LP(c) if
ctx∗ ≥ ctx for each x ∈ X .
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Robustness: Linear programming

For a matrix A, the i-th row is denoted by ai and the j-th column is
denoted by aj .

I (x∗) = {i : aix∗ = bi}.
AI (x∗) is the sub-matrix of A whose rows are ai ’s with i ∈ I (x∗).

The convex cone generated by a set K is denoted by Pos(K ).

The convex cone generated by the rows of AI (x∗), denoted by A∗, is
called the binding cone:

A∗ = Pos

({
(ai )t : i ∈ I (x∗)

})
.

.
Lemma
..

......x
∗ ∈ X is an optimal solution to LP(c) if and only if c ∈ A∗.
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Robustness: Linear programming

Example:

max x1 + x2
s.t. x1 + x2 ≤ 1,

−x1 ≤ 0,
−x2 ≤ 0.

AI (x1) =

(
1 1
−1 0

)
, AI (x2) =

(
1 1

)
and AI (x3) =

(
1 1
0 −1

)
.
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Robustness: Linear programming

We say that x0 ∈ S ⊆ Rn is a relative interior point of degree k for S
if there exist scalar 0 < ϵ ∈ R and an affine subspace H with
dim(H) = k such that

B(x0; ϵ) ∩ H ⊆ S ,

where B(x0; ϵ) = {x ∈ Rn : ∥x − x0∥ < ϵ} is the ball centered at x0

with radius ϵ.

The largest k with this property is called the interiority order of x0 in
S .

If k = dim(S), then x0 is called a relative interior point of S . It is
clear that, if k = n, then x0 is an interior point of S .

We denote the set of relative interior points of S by ri(S). Also, the
set of relative interior points of degree k for S is denoted by ri(S ; k).
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Robustness: Linear programming

Figure : E, B and D are the relative interior points of orders 0, 1 and 2,
respectively.
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Robustness: Linear programming

An important issue in robust optimization approach is studying the
optimal solutions of LP(c) which are insensitive to some changes of
the problem data (changes of the cost vector).

Ben-Tal, El Ghaoui, and Nemirovski (2009): A successful
computationally tractable treatment of the robust optimization
approach for single-objective convex optimization.

Goberna et al. (2013): Robustness resulting from constraint data
uncertainty in single-objective linear semi-infinite programming
problems.

Ehrgott et al. (2014): The worst-case robustness notion in
multi-objective programming.

Ehrgott et al. (2014) and Bokrantz and Fredriksson (2014):
Scalarization tools to obtain worst-case based robust solutions.

Fliege and Werner (2014): A special robustness concept in portfolio
optimization.

See also Deb and Gupta (2006), Hlad́ık (2008), Hlad́ık and Sitarz
(2013), and Georgiev et al. (2013).
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Robustness: Linear case [Main Results]

.
Definition
..

......

Georgiev et al. (2013) Let x∗ be an optimal solution to LP(c). It is said to
be robust in the norm sense if there exists scalar ϵ > 0 such that x∗ is an
optimal solution to LP(c + d) for each d ∈ Rn with ∥d∥ ≤ ϵ.

.
Theorem
..

......

Let x∗ ∈ X be a feasible solution to Problem (1). Then the following three
statements are equivalent:

(i) c ∈ int(A∗).

(ii) There exists scalar ϵ > 0 such that x∗ is an optimal solution to
LP(c + d) for each d ∈ Rn with ∥d∥ ≤ ϵ.

(iii) x∗ is a unique optimal solution to LP(c).
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Robustness: Linear case [Main Results]

.
Lemma
..

......x
∗ ∈ X is an optimal solution to LP(c) if and only if c ∈ A∗.

.
Definition
..

......

Let x∗ ∈ X be an optimal solution to LP(c). Then x∗ is called a robust
optimal solution (robust solution briefly) of order k (k ≤ n) if
c ∈ ri(A∗; k), i.e., the largest degree of interiority of c in A∗ is equal to k .
The quantity k is called the robustness order of x∗ and it is denoted by
RO(x∗).
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Robustness: Linear case [Main Results]

Calculating the robustness order: LP case
.
Theorem
..

......

Let x∗ ∈ X be an optimal solution to Problem (1). Consider the following
LP problem

max
∑

i∈I (x∗) yi
s.t.

∑
i∈I (x∗)(yi + wi )a

i = αct

wi ≥ 0, 0 ≤ yi ≤ 1, i ∈ I (x∗),
α ≥ 1.

(2)

Let (w∗, y∗, α∗) ∈ R|I (x∗)| × R|I (x∗)| × R be an optimal solution to
Problem (2), and E ∗ be the submatrix of A whose rows are ai ’s with
y∗i > 0. Then RO(x∗) = rank(E ∗).
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Robustness: Linear case [Main Results]

Robustness with respect to the angle deviation: LP case

.
Definition
..

......

Let 0 ̸= c , d ∈ Rn and θ ∈ (0, π]. Also, let x∗ ∈ X be an optimal solution
to LP(c). Then, θ is said to be an eligible angle deviation of c at x∗ in
direction d if there exists scalar α > 0 such that
i. c + αd ̸= 0,
ii. ∠(c , c + αd) ≥ θ, and
iii. x∗ is an optimal solution to LP(c + αd).

.
Definition
..

......

Let x∗ ∈ X be an optimal solution to LP(c). Then, θ ∈ (0, π] is said to be
an eligible angle deviation of c at x∗ if it is an eligible angle deviation of c
at x∗ in some direction d ∈ Rn.

If θ is an eligible angle deviation of c at x∗, then θ
′
is also an eligible angle

deviation of c at x∗ for each θ
′ ∈ (0, θ].
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Robustness: Linear case [Main Results]

.
Theorem
..

......

Let x∗ ∈ X be an optimal solution to LP(c), and z∗ be the optimal value
of the following optimization problem:

z∗ = min z
s.t. w tAI (x∗)c ≤ z∥w tAI (x∗)∥∥c∥,

∥w tAI (x∗)∥ ≥ 1,
w ≥ 0.

(3)

Let θ∗ denote the largest eligible angle deviation of c at x∗. Then

i) z∗ ∈ [−1, 1].

ii) If z∗ = 1, then there is no eligible angle deviation of c at x∗.

iii) If z∗ < 1, then θ∗ = arccos(z∗). Moreover, d = At
I (x∗)w

∗ − c is a
direction with the largest eligible angle deviation, where w∗ is a part
of an optimal solution of Problem (3).
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Robustness: Linear case [Main Results]

Robust Solutions: MOLP case

MOLP(C ) : max Cx
s.t. Ax 5 b,

where Cp×n, Am×n, bm×1. Also, X is the set of feasible solutions.

.
Definition
..

......

x∗ ∈ X is called an efficient solution to MOLP(C) if there does not exist
x ∈ X such that Cx ≥ Cx∗.

.
Definition
..

......

x∗ ∈ X is called a strictly efficient solution to MOLP(C) if it is an efficient
solution and furthermore {x ∈ X : Cx = Cx∗} = {x∗}.
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Robustness: Linear case [Main Results]

.
Definition
..

......

(Georgiev et al. 2013) Let x∗ be an efficient solution to MOLP(C ). It is
said to be a robust efficient solution in the norm sense if there exists scalar
ϵ > 0 such that x∗ is an efficient solution to MOLP(C +D) for each p × n
matrix D with ∥D∥ ≤ ϵ.

.
Theorem
..

......

x∗ ∈ X is a robust efficient solution of MOLP(C ) in the norm sense if and
only if it is a strictly efficient solution to MOLP(C ).
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Robustness: Linear case [Main Results]

.
Lemma
..

......

x∗ ∈ X is an efficient solution to MOLP(C) if and only if ri(C) ∩ A∗ ̸= ∅,
where ri(C) = {λtC : λ > 0, λ ∈ Rp} and A∗ = Pos{(ai )T : aix∗ = bi}.

.
Definition
..

......

Let x∗ ∈ X be an efficient solution to MOLP(C ). Then x∗ is called a
robust efficient solution (robust solution briefly) of order k (k ≤ n) if
ri(C) ∩ ri(A∗; k) ̸= ∅. The scalar k is called the robustness order of x∗ and
it is denoted by ROmolp(x∗).

.
Theorem
..

......

If x∗ is a robust efficient solution of order n, then x∗ is robust in the sense
of norm.
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Robustness: Linear case [Main Results]

.
Theorem
..

......

Let x∗ ∈ X be an efficient solution to MOLP (C). Consider the following
LP problem

max
∑

i∈I (x∗) yi
s.t.

∑
i∈I (x∗)(yi + wi )a

i =
∑p

i=1 αic
i

wi ≥ 0, 0 ≤ yi ≤ 1, i ∈ I (x∗),
αi ≥ 1, i = 1, 2, . . . , p.

(4)

Let (w∗, y∗, α∗) ∈ R|I (x∗)| × R|I (x∗)| × Rp be an optimal solution to
Problem (4), and E ∗ be the submatrix of A whose rows are ai ’s with
y∗i > 0. Then ROmolp(x∗) = rank(E ∗).
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Robustness: Linear case [Main Results]

.
Definition
..

......

Let C ,D be two p × n nonzero matrices. Also, let θ ∈ (0, π] and let
x∗ ∈ X be an efficient solution to MOLP(C ). Then, θ is said to be an
eligible angle deviation of C at x∗ in direction D if there exist some
p-vector λ > 0 and some scalar α > 0 such that
i. λt(C + αD) ̸= 0,
ii. ∠(λtC , λt(C + αD)) ≥ θ, and
iii. λtC , λt(C + αD) ∈ A∗.

.
Definition
..

......

Let x∗ ∈ X be an efficient solution to MOLP(C ). Then, θ ∈ (0, π] is said
to be an eligible angle deviation of C at x∗ if it is an eligible angle
deviation of C at x∗ in direction some nonzero p × n matrix D.
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.
Definition
..

......

Let C ,D be two p × n nonzero matrices. Also, let θ ∈ (0, π] and let
x∗ ∈ X be an efficient solution to MOLP(C ). Then, θ is said to be an
eligible angle deviation of C at x∗ in direction D if there exist some
p-vector λ > 0 and some scalar α > 0 such that
i. λt(C + αD) ̸= 0,
ii. ∠(λtC , λt(C + αD)) ≥ θ, and
iii. λtC , λt(C + αD) ∈ A∗.

.
Definition
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Let x∗ ∈ X be an efficient solution to MOLP(C ). Then, θ ∈ (0, π] is said
to be an eligible angle deviation of C at x∗ if it is an eligible angle
deviation of C at x∗ in direction some nonzero p × n matrix D.
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Robustness: Linear case [Main Results]

.
Theorem
..

......

Let x∗ ∈ X be an efficient solution to MOLP(C), and z∗ be the optimal
value of the following optimization problem:

z∗ = min z
s.t. w tAI (x∗)C

tλ ≤ z∥w tAI (x∗)∥∥λtC∥,
v tAI (x∗) = λtC ,

∥w tAI (x∗)∥ ≥ 1,
v ,w , λ ≥ 0,
etλ ≥ 1.

(5)

Let θ∗ denote the largest eligible angle deviation of C at x∗ and
(v∗,w∗, λ∗, z∗) be an optimal solution to Problem (5) with λ∗

1 > 0
(without loss of generality). Let D∗ be a p × n matrix whose first row is
1
λ∗
1
(w∗tAI (x∗) − λtC ) and its other rows are zero. Then

(i) z∗ ∈ [−1, 1].

(ii) If z∗ = 1, then there is no eligible angle deviation of
C at x∗. (iii) If z∗ < 1, then θ∗ = arccos(z∗). Moreover, D∗ is a
direction with the largest eligible angle deviation.
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Robustness: Linear case [Main Results]

.
Definition
..

......

Let C ,D be two p × n nonzero matrices. Also, let θ ∈ (0, π], let x∗ ∈ X
be an efficient solution to MOLP(C ) and let λ∗ > 0 be a p-vector. Then,
θ is said to be a λ∗-eligible angle deviation of C at x∗ in direction D if x∗

solves max{λ∗tCx : x ∈ X} and there exists some scalar α > 0 such that
i. λ∗t(C + αD) ̸= 0, ii. ∠(λ∗tC , λ∗t(C + αD)) ≥ θ, and iii.
λ∗tC , λ∗t(C + αD) ∈ A∗.
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Robustness: Linear case [Main Results]

.
Theorem
..

......

Let λ∗ > 0 be a given p-vector. Let x∗ be an efficient solution to
MOLP(C ) and k be a natural number.

If there exist k matrices
D1,D2, . . . ,Dk such that λ∗tD1, λ∗tD2, . . . , λ∗tDk are
linearly-independent and there is a positive λ∗-eligible angle deviation of C
at x∗ in direction ±D i for each i ∈ {1, 2, . . . , k}, then ROmolp(x∗) ≥ k. If
k is the biggest natural number with this property, then RO(x∗)molp = k.
Conversely, if ROmolp(x∗) = k ≥ 2, then there exist a p−vector λ∗ > 0
and k matrices D1,D2, . . . ,Dk such that λ∗tD1, λ∗tD2, . . . , λ∗tDk are
linearly-independent and there is a positive λ∗-eligible angle deviation of C
at x∗ in direction ±D i for each i ∈ {1, 2, . . . , k}.
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Ehrgott, M., Ide, J., & Schöbel, A. (2014). Minmax robustness for
multi-objective optimization problems. European Journal of
Operational Research, 239(1), 17-31.

Fliege, J., & Werner, R. (2014). Robust multiobjective optimization
applications in portfolio optimization. European Journal of
Operational Research, 234(2), 422–433.

Majid Soleimani-damaneh (UT) On Robust Optimization September 12, 2021 34 / 53



.....
.
....

.
....

.
.....
.
....
.
....
.
....
.
.....
.
....
.
....
.
....
.
.....
.
....
.
....
.
....
.
.....

.
....

.
.....

.
....

.
....

.

References

Georgiev, P.-Gr., Luc, D.-T., & Pardalos, P. (2013). Robust aspects of
solutions in deterministic multiple objective linear programming.
European Journal of Operational Research, 229(1), 29–36.

Goberna, M.-A., Jeyakumar, V., Li, G., & Vicente-Pérez, J. (2015).
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Robustness: Nonlinear case

Robustness: Nonlinear case

Multiple Objective Programming (MOP):

(MOP) : Min{f (x) : x ∈ X},

where f (x) = (f1(x), f2(x), . . . , fp(x))
T , where X ⊆ Rn is a nonempty

set; and f : Rn −→ Rp.

.
Definition
..

......

x∗ ∈ X is called a Pareto (efficient) solution to MOP if @xo ∈ X such that

fj(x
o) ≤ fj(x

∗) for each j = 1, 2, . . . , p,

fj(x
o) < fj(x

∗) for some j = 1, 2, . . . , p.

.
Definition
..

......

x∗ ∈ X is called a weak Pareto (weak efficient) solution to MOP if
@xo ∈ X such that fj(x

o) < fj(x
∗) for each j = 1, 2, . . . , p.
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Robustness: Nonlinear case

.
Definition
..

......

Let K ⊆ Rp be a nontrivial closed pointed convex cone. x∗ ∈ X is called
an efficient solution to MOP w.r.t K if

(f (x∗)− K ) ∩ f (X ) = {f (x∗)}.
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Robustness: Nonlinear case

.
Definition
..

......

A feasible solution x̂ ∈ X is called properly efficient solution of MOP in
the sense of Geoffrion, if it is efficient and there is a real number M > 0
such that for all i ∈ {1, 2, ..., p} and x ∈ X satisfying fi (x) < fi (x̂) there
exists an index j ∈ {1, 2, ..., p} such that fj(x) > fj(x̂) and

fi (x̂)− fi (x)

fj(x)− fj(x̂)
≤ M.

.
Definition
..

......

A feasible solution x̂ ∈ X is called properly efficient solution of MOP in
the sense of Henig, if (f (x̂)− C ) ∩ f (X ) = {f (x̂)}, for some convex
pointed cone C with Rp

=\{0} ⊆ int(C ).

.
Theorem
..
......The above two definitions are equivalent for MOP.

Benson definition, Borwein definition, etc.
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Robustness: Nonlinear case

¶ For Ω ⊆ Rn and x ∈ clΩ, the tangent cone of Ω at x , denoted by
TΩ(x̄), is defined by

TΩ(x̄) =

{
d ∈ Rn : ∃

(
{xi} ⊆ Ω, {ti} ⊆ R

)
; ti ↓ 0,

xi − x̄

ti
−→ d

}
.
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Robustness: Nonlinear case

.
Definition
..

......

Let h : Rn → R be Lipschitz near a given point x ∈ Rn. The generalized
directional derivative of h at x in the direction v , denoted by h◦(x ; v), is

defined as h◦(x ; v) := lim sup
y→x

t↓0

h(y + tv)− h(y)

t
.

The generalized gradient

of h at x , denoted by ∂h(x), is defined as

∂h(x) := {ζ ∈ Rn : h◦(x ; v) ≥ ζT v , ∀v ∈ Rn}.

If h : Rn → R is convex, then ∂f (x) reduces to the subgradient set in
classic convex analysis (Clarke 2013):

{ζ ∈ Rn : h(y)− h(x) ≥ ζT (y − x), ∀y ∈ Rn}.
.
Definition
..

......

Clarke (2013) A function h : Rn → R is called regular at x̄ if h◦(x̄ ; d)

exists and h◦(x̄ ; d) = limt↓0
h(x̄+td)−h(x̄)

t for each d ∈ Rn.
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Robustness: Nonlinear case

.
Definition
..

......

Let h : Rn → R be Lipschitz near a given point x ∈ Rn. The generalized
directional derivative of h at x in the direction v , denoted by h◦(x ; v), is

defined as h◦(x ; v) := lim sup
y→x

t↓0

h(y + tv)− h(y)

t
. The generalized gradient

of h at x , denoted by ∂h(x), is defined as

∂h(x) := {ζ ∈ Rn : h◦(x ; v) ≥ ζT v , ∀v ∈ Rn}.

If h : Rn → R is convex, then ∂f (x) reduces to the subgradient set in
classic convex analysis (Clarke 2013):

{ζ ∈ Rn : h(y)− h(x) ≥ ζT (y − x), ∀y ∈ Rn}.

.
Definition
..

......

Clarke (2013) A function h : Rn → R is called regular at x̄ if h◦(x̄ ; d)

exists and h◦(x̄ ; d) = limt↓0
h(x̄+td)−h(x̄)

t for each d ∈ Rn.
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Robustness: Nonlinear case

.
Definition
..

......

Let x̄ ∈ X be an efficient solution of (MOP). x̄ is called a robust efficient
solution if there exists ϵ > 0 such that for any p × n matrix C with

∥C∥ < ϵ, the vector x̄ is an efficient solution to
min f (x) + Cx

s.t. x ∈ X .

.
Theorem
..

......If X is compact, then robust efficient solution =⇒ proper efficient solution.

The converse of the above theorem does not hold necessarily, even for the
linear case.
.
Example
..

......

[Compactness is essential]:
min (−x , x3) s.t. x ∈ R.

It is not difficult to see that x̄ = 1 is a robust efficient solution (consider
ϵ = 0.1), while the problem does not have any properly efficient solution.
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Robustness: Nonlinear case

.
Definition
..

......

d ∈ Rn is called a non-ascent direction of f at x̄ (denoted by d ∈ G (x̄)) if
dT ξ ≤ 0, for each ξ ∈ ∂fi (x̄) and each i ∈ {1, 2, . . . , p}.

.
Theorem
..

......If x̄ is a robust efficient solution to (MOP), then TX (x̄) ∩ G (x̄) = {0}.

The condition given in the above theorem is not sufficient for robustness in
general case.
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Robustness: Nonlinear case

.
Example
..

......

Consider the MOP:
min (f1(x), f2(x))

s.t. x ∈ R,
in which

f1(x) := x , f2(x) :=

{
−x |x | < 1,

−x (
1
3
) |x | ≥ 1.

Let x̄ = 2. We have TX (x̄) = R and G (x̄) = {0}.
x̄ = 2 is an efficient solution to the above problem, while for any ϵ > 0 it
is not an efficient solution to

min (f1(x), f2(x) +
ϵ
2x)

s.t. x ∈ R,

because for each ϵ > 0, by setting xϵ = min{−125, −1
ϵ3
}, we have

f1(xϵ) < f1(2) and f2(xϵ) ≤ f2(2).
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Robustness: Nonlinear case

.
Theorem
..

......

Let X be a closed and convex set and fi (i = 1, . . . , p) be convex. Assume
that x̄ is an efficient solution to (MOP). x̄ is a robust efficient solution to
(MOP) if and only if TX (x̄) ∩ G (x̄) = {0}.
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Robustness: Nonlinear case

Consider

(MOP − g) : min{f (x) s.t. gi (x) ≤ 0, i = 1, 2, ...,m},

.
Definition
..

......
Constraint qualification (CQ) holds at x̄ if 0 /∈ co

{∪
j∈A(x̄) ∂gj(x̄)

}
.

.
Theorem
..

......

x̄ is robust & (CQ)

=⇒ Px̄ := Pos

( p∪
i=1

∂fi (x̄)

)
+ Pos

( ∪
i∈A(x̄)

∂gi (x̄)

)
= Rn.

.
Theorem
..

......

Let fi , gj functions be convex. If x̄ is an efficient solution and Px̄ = Rn,
then x̄ is a robust efficient solution to Problem (MOP-g).
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Robustness: Nonlinear case

.
Theorem
..

......

Let fi (i = 1, 2, . . . , p) and gj (j = 1, 2, . . . ,m) be convex in Problem
(MOP-g). If x̄ is a robust efficient solution of Problem (MOP-g) which
satisfies (CQ), then x̄ is a proper efficient solution of (MOP-g).
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Robustness: Nonlinear case

Robustness radius:
.
Lemma
..

......

Let X be a closed and convex set and fi (i = 1, ..., p) be convex. Let
d ∈ TX (x̄) with ∥d∥ = 1. If x̄ is a robust solution of (MOP), then
∥(f ′(x̄ ; d))+∥ > 0 and it is equal to the optimal value of the following
problem,

sup{t : f ′(x̄ ; d) + tCd /∈ −Rp
+, ∀∥C∥ ≤ 1}.

.
Theorem
..

......

Under the assumptions of the above lemma, the optimal value of the
following problem is positive and it is a robustness radius for x̄ .

min ∥(f ′(x̄ ; d))+∥
s.t. d ∈ TX (x̄),

∥d∥ = 1
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.
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..
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Robustness: Nonlinear case

Comparison with worst case-based notions:
Let U be an uncertain set and X ⊆ Rn be the set of feasible solutions.
Also, let fi : X × U −→ R for i = 1, 2, . . . , p be objective functions. For a
feasible decision variable vector x ∈ X and a u ∈ U, the value of objective
function is denoted by f (x , u). Define F : X → Rp by

Fi (x) = max
u∈U

fi (x , u), i = 1, 2, . . . , p.

A feasible vector x̄ ∈ X is called a robust solution in the sense of Fliege
and Werner (FW) if it is an efficient solution to the following
multi-objective problem

minF (x)
s.t. x ∈ X .

.
Theorem
..

......

Let x̄ be a robust solution of (MOP), in the sense of norm, with radius ϵ.
Then considering any ϵ̄ ∈ (0, ϵ), the vector x̄ is a robust solution in the
sense of FW with U = {Cp×n : ∥C i∥ ≤ ϵ̄√

p , ∀i = 1, 2, . . . , p} and

f (x ,C ) = f (x) + Cx.
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Robustness: Nonlinear case

Comparison with set-based robustness:
Ehrgott et al. (2014) (EIS in brief) have defined a feasible point x̄ ∈ X as
a robust solution if there is no x ∈ X such that

fU(x) ⊆ fU(x̄)− (Rp
≥ \ {0})

that fU(x) = {f (x , u) : u ∈ U} and U it is an uncertain set.

.
Theorem
..

......

Let x̄ be a robust solution of (MOP) in the sense of norm with radius ϵ.
Then x̄ is a robust solution in the sense of EIS with
fU(x) = {f (x) + Cx : ∥C∥ ≤ 0.5ϵ}.
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